This is the first part of a two-part article that focuses on a strain gradient plasticity implementation within the element-free Galerkin (EFG) framework. A flow theory of plasticity is used in which the yield condition does not only depend on the equivalent plastic strain, but also on the first and second gradient thereof. In the present part, the governing constitutive equations of this theory are discussed along with its EFG formulation for the solution of incremental boundary value problems. An arbitrary continuity of the shape functions can be obtained with the EFG method in a simple manner, which facilitates the implementation and comparison of gradient models. The one-dimensional tensile bar test is employed to study the properties of this formulation for an elastic-softening plastic material and harmonic wave analysis is carried out to investigate the effect of the gradient terms on the width of the plastic zone. The non-pointwise satisfaction of the yield condition, combined with the long-range nodal interaction caused by the EFG shape functions, results to nonproper convergence and stress oscillations in the plastic region. However, because of the non-local and higher-order character of EFG, smooth plastic strain localization profiles as well as smooth stress vs. nominal strain curves are obtained which, upon discretization refinement, are independent of the EFG parameters used. Finally, the influence of the various EFG parameters on the oscillatory behavior of stress is examined and the effect of the bar size and the material parameters on the stress vs. nominal strain graph and on the plastic strain profile is investigated. After the establishment of the characteristics of the EFG implementation of gradient plasticity within a one-dimensional context, the model and its applications in two-dimensional boundary value problems will be treated in the second part of the present contribution.
the solution arise. A different finite element formulation has been presented by Li and Cescotto I2\l, in which the Laplacian of the equivalent plastic strain at a quadrature point is evaluated on the basis of a least square polynomial approximation by using the values of the equivalent plastic strain at the neighbouring quadrature points. It is noted that in the most of the aforementioned works the gradient-dependent yield condition involves the Laplacian but not the first-order gradient term.
Instead of using a finite element formulation, the element-free Galerkin (EFG) method is employed in the present work. It is a meshless method that based on a moving least squares principle for the formulation of the shape functions 122,231. This gives C"-continuous shape functions and thus higher-order derivatives of continuous fields can be represented with improved resolution. Due to the arbitrary continuity that can be obtained with EFG shape functions, various gradient models can easily be implemented in the same code, which facilitates a straightforward comparison between different models. Moreover, EFG is not susceptible to locking phenomena in plasticity problems even when the basis functions are linear 1241. However, when discontinuous fields are considered the applicability of EFG is limited because of the smoothness of the shape functions /25/.
Very few but remarkable efforts to apply EFG to non-local or gradient-dependent continua have been recently done. For example, Askes, Pamin and de Borst 1261 employed EFG to study various strain gradientdependent damage models and to compare them with an averaging non-local damage approach. In such case, the different continuity requirements of the gradient damage models can easily be met by the EFG shape functions. Moreover, two different gradient plasticity theories were implemented within EFG format by Pamin, Askes and de Borst /27,28/. The first one is based on the aforementioned gradient-dependent yield function theory, while the second one employs a spatial averaged strain measure which is related to the local strain measure through a second order differential equation. In fact, the formulation of the first theory resembles this presented here, although Pamin, Askes and de Borst /27,28/ did not take into account the firstorder gradient term in the yield condition and they focused on the discretization sensitivity of the results without further study on the formulation and the material features.
EFG Implementation of Gradient Plasticity (Part I)
In the present contribution the EFG discretization of gradient plasticity will be scrutinized. In particular, the paper is organized as follows: In Section 2, the element-free Galerkin interpolation based on a weighted moving least squares principle is briefly described. In Section 3, a rather generalized flow theory of gradient plasticity is presented along with its EFG formulation for the solution of boundary value problems. In Section 4, the localization of plastic strain in one-dimensional tensile bar test is considered and harmonic wave analysis is carried out to investigate the effect of the gradient terms on the plastic zone width, as well as to determine the values of the corresponding phenomenological coefficients that admit strain localization predictions. Also, a brief account of previous analytical solutions is given. In Section 5, a one-dimensional tensile bar with a central material imperfection is employed to study the properties of the EFG formulation for an elastic-softening plastic material. Emphasis is put on the investigation of the discretization sensitivity of the results. Because of the non-local character of the EFG shape functions and the weak satisfaction of the yield condition, stress oscillations and non-proper, sub-quadratic convergence arise. However, smooth plastic strain localization profiles and stress vs. nominal strain curves are obtained, which are independent of the EFG discretization parameters used. Then, the influence of the various EFG parameters on the oscillatory behavior of stress is also examined. In Section 6, the effect of the geometrical lengths (i.e. specimen and imperfection sizes) and the non-standard (gradient) material parameters on the plastic strain profile and on the stress vs. nominal strain graph is investigated. As it was also predicted by the harmonic wave analysis, the width of the plastic zone depends exclusively on the internal length scale introduced in the constitutive equations through the Laplacian coefficient.
Note that the solution of two-dimensional boundary value problems, under plane strain or plane stress conditions, using the present the EFG formulation is demonstrated in Part II with emphasis to strain localization and size effects.
ELEMENT-FREE GALERKIN (EFG) INTERPOLATION
EFG method is a mesh-free numerical approximation in the sense that no node connectivity is needed to formulate the shape functions. A weighted moving least squares principle is used instead. The unknown function u is approximated by a function υ 1 ' defined as the inner product of a vector p(x) containing monomials or base functions, and a vector a(x) containing yet unknown coefficients /22,23/, i.e.
at a given point .v. Depending on the researcher's choice, p\x) could be defined as [ 
Substituting a(x) from Eq. (3) to Eq. (I) the EFG shape functions /V(jc) are derived as 
with d denoting the size of the domain of influence, a a parameter that sets the relative weights and
. v = |jc-jf,|. Usually a sets equal to 1/3 or 1/4 in order to obtain a numerically smooth behavior of vv.
furthermore, the matrix Λ(χ) = Ρ 1 W{x)P in Eq. (3) should be non-singular in order to be invertible. If c/
The simplest form of flow theory of gradient plasticity is based on the gradient modification of the standard expression for the flow stress σ = κ(ε'') to include the Laplacian of the equivalent plastic strain
The corresponding form of the gradient-dependent yield condition reads F = σ-\^κ{ε'') + ο 2 V 2 s'' J = 0. However, by including also a first-order gradient term, i.e.
a more general form is obtained, where c, =c, (£"'') and c 2 =c 2 (ß'') are phenomenological gradient coefficients, which, in general, depend on the equivalent plastic strain ε 1 '. Furthermore, the equivalent stress σ and the equivalent strain rate ε 1 ' are the usual von Mises measures defined as
where 5 (/ denotes the deviatoric part of the stress tensor a tl and denotes the deviatoric part of the plastic strain tensor ej-with ε'ΰ =0 (incompressibility) and thus, (ep'= . The associative flow rule deriving from the yield condition (8) reads
giving the expression for the plastic strain increment. On the other hand, the elastic strain increment i~' kl = t u -έ'ύ is determined by Hooke's law, which may be written in the form 
Weak Form of the Incremental Boundary Value Problem
In order to formulate an incremental boundary value problem, a weak satisfaction of the yield condition and discretization of the equivalent plastic strain are employed in addition to the standard weak satisfaction of stress equilibrium and discretization of the displacement field 111. Furthermore, Lagrange multipliers are used to enforce the essential boundary conditions for the displacements because in the EFG method these conditions cannot be imposed directly 1221. Accordingly, by introducing the displacement vector u = (i/ v . «,., u : ) and the stress tensor in a vector form σ = (σ",σ η ,σ :: ,<τ Λ ,, σ νζ ,σ-ν ), the integral equations
are obtained for the stress equilibrium (under static loading conditions) and for the gradient-dependent yield condition respectively. Here V and V p denote the volume occupied by the body and the plastic zone respectively, while S,. is the part ot the boundary where essential boundary conditions are prescribed. The subscript /+1 refers to the current iteration, the superscript Τ is the transpose symbol and L 1 is the following It is noted that for small deformations the strain-displacement relation ε = Lu is valid, where ε is the strain tensor in a vector form, i.e. ε= (<?", ε )γ , ε :: , γ χγ , y y: , γ :χ ). Integrating by parts the first integral in Eq. (13) and using the above strain-displacement relation, along with the decompositions <τ /+ ι = er, + da, u,+\ = u, + du and φ Γ \= φ; + άφ, and Hooke's law da= Ό\άε-de''μ : ), we finally obtain using only the Laplacian term in the yield condition (i.e. for C\ = 0).
Discretization and Solution Procedure
Eq. (16) and Eq. (17) are discretized by interpolating the displacement field «, the equivalent plastic strain ε and the plastic multipliers φ, i.e.
where U, Φ, Λ are arrays with the respective nodal parameters and /V, //, Ii 1 are matrices containing the respective EFG shape functions. Then, the discretization forms for the strains and the higher-order variables
with Β = LN, q = V// and g = V 2 h. Substituting (18) and (19) into (16) and (17) Κ..
is obtained, where the stiffness submatrices and the force vectors are defined as
Note that the structural stiffness matrix is symmetric, since Κ ιιλ = K[ u . In these equations, the volume integrals for the yield condition are extended over the whole domain V and the constraints F-0 and μ = 0 are imposed in the elastic part in order to enforce da'' = 0 therein /16/. Note that the way the stiffness matrix is constructed must be consistent with the algorithmic relationship between stress and strain increments in order to obtain a quadratic convergence rate of the Newton's algorithm used. As extensively discussed by Pamin • At a given load increment:
• At the iteration /+1: 
ONE-DIMENSIONAL DISPERSION ANALYSIS AND ANALYTICAL SOLUTIONS

Problem Statement and Dispersion Analysis
Consider a one-dimensional bar of length L which is subjected to a tensile loading, as shown in In this case, von Mises equivalent stress σ is equal to the axial stress σ χχ = aand the von Mises equivalent plastic strain ε ρ is equal to the axial plastic strain ε!? χ = ε ρ . Accordingly, the yield condition of Eq. (8) takes the form
and thus, consistency condition, F = 0, gives
where the non-classical hardening / softening modulus h K is defined as
Moreover, Hooke's law has the form σ = Ε(έ-έ''\ where ε (=£·' +£·'') is the total strain rate and Ε =
G[3Ä + 2G] / [A + G] denotes the Young modulus.
In the absence of inertial and body forces, stress equilibrium reads νσI dx = 0. Combining this relation with Eq. (27) and employing the kinematic relations ε = du / dx and ν = du / dt (u denotes the axial displacement and ν denotes the axial velocity), along with Hooke's law, we obtain the following fourth-order partial differential equation for the velocity ν
To investigate the ability of the present model to interpret strain localization phenomena, the following harmonic wave analysis is performed. In this connection, we consider a harmonic perturbation of the velocity field of the form v(xj) = vt'" <r ""', where k is the wave number, ω is the angular frequency and ν is the amplitude of the perturbation. Substituting this expression into Eq. (29), the following dispersion equation is
where A and Β are defined as
Ρε'
which are computed at a homogeneous reference state (i.e. ε 1 ' = const.). Hardening modulus /7 V is computed at the same unperturbed state and thus, from Eq. (28) 
which depends only on the Laplacian coefficient c2 and the hardening/softening modulus h. In this case, a real wave length λ=2π/k is obtained provided that c2 and h have the same sign. Thus, for a softening material (h<0) the Laplacian coefficient must be negative and the localization zone, which acts as a stationary wave, should have a width w equal to the aforementioned wave length, i.e. w = 2/r yjc 2 / h = 2πΐ. Note that the same expression is obtained when the first-order gradient term is ignored, i.e. taking c, Ξ 0.
3. When m = Ά the parameter A vanishes, while Β is undefined for (δε η / dx) = 0. However, at the limit cases (de p / dx) 0" and (δε ρ / dx) 0 + it follows that Β = -c, and Β = C| respectively. Then, the corresponding non-trivial solutions of Eq. (30) read
which have non-trivial real parts only if c, 2 < 4c 2 h. This inequality implies again that h and c2 must have the same sign. Then, for a softening material (h < 0) the wavelength, which represents the width of the localization zone, is given as
The complex form of k (= k r + i-k,) indicates that the harmonic wave is attenuated or amplified along the bar depending on the sign of the imaginary part k" whereas the corresponding expression for v(x,t) reads v(x,t) = ve ""'. If we assume that a strain localization originates at the bar center (x = 0) such that (δε ρ / dx) 0" for χ > 0 and (δε ρ / dx) 0" for χ < 0 then, from Eq. (33) it follows that k, = -c,/2c2 for ,v > 0 and k, = c|/2c2 for.v < 0. These relations imply that v(x,t) is an attenuate stationary wave only if C| and c2 have opposite signs. From the aforementioned conditions, we conclude that for a softening material (i.e. for h < 0) with m = 1/2, the gradient coefficients must be such that c2 < 0 and 0 < c, < 2yfcji.
From the above analysis is evident that unlike the first-order gradient, the presence of the Laplacian term is necessary to capture the plastic strain localization in the softening regime.
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On returning to the tension example of Fig. 1 , we consider that the bar is elongated by continuously increasing the applied displacement at the right end. As long as the deformation is purely elastic, Hooke's law is valid, i.e. σ= Εε. When σ becomes equal to an initial yield stress value σ", plastic deformation starts and evolves according to Eq. (27) . In the present analysis, we assume that the homogeneous part κ{ε'') of the yield condition is a linear softening function defined as
where h (= const < 0) is the softening modulus. A qualitative graph of Eq. (35) is depicted in Fig. 2 . Here and subsequently the gradient coefficients c, and c 2 are assumed to be material constants independent of the plastic strain ε Γ .
From the values of these constants the internal lengths /, = (V-|c,|//, j and / 2 = yjc 2 /h can be determined.
Remarks on the Analytical Solutions
The aforementioned boundary value problem has been solved analytically by de Borst and Mühlhaus 111 
NUMERICAL RESULTS
In this section, the EFG formulation presented in Section 3 is used for the numerical solution of the uniaxial tension problem described in Section 4. 
Study of the Discretization Objectivity
First, the discretization influence on the numerically predicted behavior is investigated by using two On the other hand. Figs. 7 and 8 demonstrate the drawbacks of the present EFG approach. The nonpointwise satisfaction of the yield condition, combined with the long-range nodal interaction, results in stress oscillations in the plastic region, which are more pronounced near the elastic-plastic boundary. These oscillations do not disappear upon mesh refinement. Furthermore, the convergence of the algorithm is quite slow. As also shown in Fig. 7 , the long-range nodal interaction is responsible for the appearance of stress oscillations near the ends of the bar. As the stress decreases in the softening regime, the amplitude of the oscillations in the plastic region becomes larger, while that near the bar ends remains unaffected. Finally, for the coarse discretization, the non-satisfaction of the yield condition is very pronounced at the points with ε ρ = ε", as shown in Fig. 8 . 
Investigation of Stress Oscillations
The magnitude of the aforementioned stress oscillations in the plastic region, as well as near the ends of the bar, depends greatly on the parameters of the EFG discretization. Successive numerical tests using various values for these parameters lead to the following conclusions: 
PARAMETER STUDIES
In this section, we investigate the influence of the geometric and the non-standard material parameters on the plastic strain profile and on the stress vs. nominal strain curve for the one-dimensional imperfect bar depicted in Fig. 4 . 
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6.1.I Effect of the bar length
The effect of the length L of the tensile bar on the stress vs. nominal strain curve, as well as on the plastic strain distribution ε η (χ) is depicted in Fig. 11 for three different lengths, namely L = 100, 75 and 50 mm.
The material parameter values are Ε = 20000 MPa, h = -2000 MPa, σ" = 2 MPa, c2 = -12.5 kN, and c, = 0, while the values w,",p = 10 mm and σ!!" ρ = 0.9σ" = 1.8 MPa are used for the imperfection width and its initial yield stress respectively. As shown, the length of the bar does not influence the plastic strain localization. On the other hand, as L increases, the stress at a given nominal strain decreases, while the slope of the stress vs.
nominal strain curve in the softening regime increases in absolute value. Note that these numerical predictions are similar to those obtained analytically for a bar without an imperfection (see Eqs. 37 and 38).
L-100 mm L -75 mm L = 50 mm 
Effect of the local imperfection
As already mentioned, upon discretization refinement (e.g. using 101 nodes) EFG parameters do not affect the stress vs. nominal strain curve, as well as the plastic strain profiles along the bar. On the other hand, the dependence of these graphs on the width w""r of the local imperfection and on the initial yield stress σ;""''therein is depicted in Figs. 12 and 13 respectively. > ε u ). EFG parameters values: As shown in Fig. 13 , when all plastic points are in the softening regime (i.e. ε^ < ε"), an increase on the imperfection yield stress σ!" ψ increases the applied stress at a given nominal strain, while the slope of a\s.
(u IL) curve is constant and independent of σ™ Λ · Moreover, the maximum plastic strain ε^ along the bar increases with <j n whereas the width of the plastic zone is again equal to the theoretical value Μ» = 19.87 mm, for all values of σ,'Γ η · When the plastic strain in the central points of the bar becomes greater than ε Ι( then, the stress vs. nominal strain behavior, as well as the plastic strain profiles tend towards responses that are independent of σ"" ρ .
Size effects in geometrically similar bars
Although the behavior described in Section 6.1.1 pertains to the influence of the bar length, it cannot be considered as a size effect because non-geometrically similar specimens are involved. To study size effects, all geometrical dimensions of the problem at hand must be varied such that their ratios remain constant. In the present case this is true if the tensile behavior of the bar is examined for various lengths L but with Llw, mp = constant. The values Llw m , r = 10 and L = 60, 75 and 100 mm are used here and the relevant results are depicted in Fig. 14 . As shown, the size effect on the stress vs. nominal strain graph is qualitatively similar to that observed in Fig. 11 by varying only L. However, the influence of the bar size for the geometrically similar bars is more pronounced due to the variation of w, mp besides L. Furthermore, the size effect on the plastic strain distribution is only due to the variation of the imperfection width w, mp , since χ) does not depend on L as pointed out in Section 6.1.1. Accordingly, the size influence is similar to that observed by varying only w"" p (see Fig. 12 ).
L= 100 mm L = 75 mm L -60 mm 
Material Gradient Parameters
In this subsection, we investigate the influence of the gradient coefficients c, and 
Effect of the first-order gradient coefficient C\
The effect of the first-order gradient coefficient The corresponding results are depicted in Fig. 16 . 
As shown, when all plastic points of the bar are in the softening regime, the width of the plastic zone is independent of the gradient coefficient C\ and it is approximately equal to the value w = 2π1 2 = 19.87 mm implied by the harmonic wave analysis of Section 4.1. On the other hand, the maximum value ε,'4* of the plastic strain distribution, as well as the applied stress at given nominal strain are increased with c t . Note that the values of in Fig. 16 are between the theoretical predictions computed by numerically solving Eq.
(42) with respect ε) for σ" = 2 MPa and for σ" = σ™ / ' = 1.8 MPa. These values are given in Table 1 . Table 1 Values of in Fig. 16 for an imperfect tensile bar and the respective theoretical predictions for a non-imperfect tensile bar and σ" = 1.8 MPa or σ" = 2 MPa.
in Fig. 16 for σ"= 1. 
CONCLUSIONS
A generalized flow theory of gradient plasticity has been implemented within the element-free Galerkin (EFG) framework. In this theory the yield condition does not only depend on the equivalent plastic strain, but also on the first-order gradient and the Laplacian thereof. As in previous finite elements formulations, a satisfaction of the yield condition in a distributed sense has been employed and the equivalent plastic strain has been used as an additional independent variable discretized separately from the displacements. It is emphasized that discretization of gradient models with the EFG method is quite convenient due to the arbitrary order of continuity of the EFG shape functions. However, since these shape functions do not have the selective property, Lagrange multipliers have been used to enforce the essential boundary conditions for the displacements. As discussed by Zhu and Atluri /33/, this could be alternatively accomplished by employing either a modified collocation method or a penalty formulation.
The one-dimensional tensile bar test was employed to study the properties of the formulation for an elastic-softening plastic material. Harmonic wave analysis was used to evaluate the influence of non-standard constitutive parameters (i.e. the two gradient coefficients and the first-order gradient exponent) on the width of the plastic zone. The values of these parameters that admit a stable localized behavior are also identified by this analysis. For the numerical solution of the one-dimensional boundary value problem a small material imperfection is introduced in the center of the bar to trigger the initiation of the localization at this point.
Because of the non-local character and the high order continuity of the EFG shape functions, smooth plastic strain distributions, as well as smooth stress vs. nominal strain curves are obtained which, upon discretization refinement, are independent of the EFG parameters used. However, the non-pointwise satisfaction of the yield condition, combined with the long-range nodal interaction caused by the EFG shape functions, results in non-proper, sub-quadratic convergence properties and stress oscillations in the plastic region and near the bar ends. Apart from the number of integration cells per nodal distance, the action of all discretization parameters on the stress oscillations near the ends of the bar and on the stress oscillations within the plastic region is opposite. However, stress oscillations near the ends of the bar are diminished by using a two-points Gauss integration quadrature, while those in the plastic region are unaffected. Note that the loss of proper convergence, when the EFG method is used to discretize the present stress-driven gradient plasticity, is in contrast to strain-driven gradient damage /26/ and strain-driven gradient plasticity /27,28/.
The influence of the induced material imperfection, the bar size and the non-standard material parameters on the stress vs. nominal strain graph and on the plastic strain profile has also been investigated. We conclude that the width of the localized plastic zone is solely dependent on the internal length included in the constitutive equations through the Laplacian coefficient. Accordingly, unlike the first-order gradient, the presence of the Laplacian term is necessary to capture the plastic strain localization in the softening regime.
This behavior is in agreement with the predictions of the harmonic wave analysis and with the results of some previous theoretical treatments. On the other hand, the maximum plastic strain along the bar is influenced by the imperfection size, the imperfection yield stress and the material gradient parameters, while
